An extension of algebras is a homomorphism of algebras preserving identities. We use extensions of algebras to study the finitistic dimension conjecture over Artin algebras. Let f : B → A be an extension of Artin algebras. We denote by fin.dim( f ) the relative finitistic dimension of f , which is defined to be the supremum of relative projective dimensions of finitely generated left A-modules of finite projective dimension. We prove that, if B is representation-finite and fin.dim( f ) ≤ 1, then A has finite finitistic dimension. For the case of fin.dim( f ) > 1, we give a sufficient condition for A with finite finitistic dimension. Also, we prove the following result: Let I, J, K be three ideals of an Artin algebra A such that IJK = 0 and K ⊇ rad(A). If both A/I and A/J are A-syzygy-finite, then the finitistic dimension of A is finite.
Introduction
Let A be an Artin algebra. The finitistic dimension of A is defined to be the supremum of projective dimensions of finitely generated left A-modules having finite projective dimension. The famous finitistic dimension conjecture says that the finitistic dimension of any Artin algebra is finite (see [1, Conjecture 11, pp. 410] or [3] ). It is 57 years old and remains open to date. It is worth noting that the finitistic dimension conjecture is very closely related to many homological conjectures in the representation theory of algebras, such as strong Nakayama conjecture, generalized Nakayama conjecture, Nakayama conjecture, Wakamatsu tilting conjecture and Gorenstein symmetry conjecture. If the finitistic dimension conjecture holds, then so do the above conjectures ( [2, 22] ). However, there are a few cases for which this conjecture is verified to be true (see, for example, [6, 7, 4] ). In general, this conjecture seems to be far from being solved.
Recently, the work of Xi in [19, 20] shows that the finitistic dimension conjecture can be reduced to comparing finitistic dimensions of two algebras in an extension. The basic idea is as follows: let B and A be Artin algebras, and f : B → A a homomorphism of algebras satisfying some certain conditions. If one of them has finite finitistic dimension, is the finitistic dimension of the other finite? From on the other hand of view, it is reasonable to study the finitistic dimension conjecture by extensions of algebras. In fact, we have known that some classes of algebras have finite finitistic dimension, so we use them to obtain more classes of algebras with finite finitistic dimension by means of extension. In literatures, we have already seen some interesting results concerning this direction (see [4, 19, 20, 21, 16, 17, 15] ). In this note, we shall continue to study the above question.
Different from the usual consideration (see, for example, [19, 20, 21] ), where one often uses the information on A to get the information on B, we use some relative homological dimension to control the extension E-mail address: guoshufeng132@126.com f : B → A and employ the finitistic dimension of B to study that of A. Here, the relative finitistic dimension of f , denoted by fin.dim( f ), is defined to be the supremum of relative projective dimensions of finitely generated left A-modules of finite projective dimension. We get the following result, which generalizes the result of E. L. Green in [5, Theorem 1.5]. In Theorem 1.1, we use the finitistic dimension of B to describe that of A. In the following, for an extension f : B → A, we shall employ the finiteness of the finitistic dimension of A to approach that of B. On the one hand, we establish the relationship between the finiteness of finitistic dimensions of quotient algebras and given algebras, and obtain the following result, which recovers many known results in literatures, for example, [19 [18] and so on. For unexplained notions in the following result, we refer to Section 2.
Theorem 1.2. Let A be an Artin algebra and let I, J, K be three ideals of A such that IJK = 0 and K ⊇ rad(A).

If both A/I and A/J are A-syzygy-finite, then the finitistic dimension of A is finite.
On the other hand, we consider left idealized extensions to study the finitistic dimension conjecture, and get the following. ( The paper is organized as follows. In Section 2 we recall some definitions and basic results which are need in the paper. We prove Theorem 1.1 in Section 3 and give a proof of Theorem 1.2 in Section 4. In the last section we use left idealized extensions to study the finitistic dimension conjecture and prove Proposition 1.3.
Preliminaries
In this section, we shall fix some notations, and recall some definitions and basic results which are needed in the proofs of our main results. Throughout this paper, unless stated otherwise, all the algebras considered are Artin R-algebras, where R is assumed to be a commutative Artin ring, and all the modules considered are finitely generated left modules over Artin algebras, so that all the homological dimensions will be assumed to be in the category of finitely generated modules.
Let A be an Artin algebra. We denote by A-mod the category of all finitely generated left A-modules, and by rad(A) the Jacobson radical of A. 
And the global dimension of A, denoted by gl.dim(A), is defined as
Let C be a subcategory of A-mod and m a natural number. We set
C is said to be m-A-syzygy-finite, or simply m-syzygy-finite if there is no confusion, if the number of non-
. Furthermore, we say that C is (A)-syzygy-finite if there is some natural number n such that C is n-(A)-syzygy-finite. If A-mod is syzygy-finite, then we also say that A is syzygy-finite. Let C be a second Artin algebra and f : A → C a homomorphism of algebras preserving identities. Clearly, every C-module can be regarded as an A-module in the natural way, and every C-homomorphism can be viewed as an A-homomorphism. This means that C-mod is a subcategory of A-mod. If C-mod is A-syzygy-finite, then we also say that C is A-syzygy-finite. Note that if C is representation-finite, then C is A-syzygy-finite.
Next we give the definition and basic properties of Igusa-Todorov function. We denote by K 0 (A) the free abelian group generated by the isomorphism classes [M] of modules M in A-mod. Let K(A) be the factor group of K 0 (A) modulo the following relations:
Then K(A) is also the free abelian group with basis the isomorphism classes of indecomposable nonprojective A-modules in A-mod. Igusa and Todorov in [12] introduced a function Ψ : A-mod → N on this abelian group, which is defined on the objects of A-mod and takes values of non-negative integers. We call it the Igusa-Todorov function. It follows from [12] that, for any Artin algebra A, the Igusa-Todorov function always exists. For the convenience of the reader, we give the basic properties of Igusa-Todorov function as follows. (
1) For any A-module M, if M has finite projective dimension, then
Finally, we shall recall some definitions and basic facts on relative homological algebra. Let B and A be Artin algebras, and f : B → A a homomorphism of algebras preserving identities. Then we say that f is an extension. Clearly, every A-module can be regarded as a B-module via f in the natural way. An exact sequence in A-mod
It is very easily checked that the definition is equivalent to that introduced in [9] .
Let X be an A-module. X is said to be (A, B)-projective, or relatively projective over B, if X is an A-direct summand of A ⊗ B X . For the equivalent conditions of relatively projective modules, we refer the reader to [1, pp. 202, Proposition 3.6] and [8, 14] . We denote by P(A, B) the full subcategory of A-mod consisting of all (A, B)-projective A-modules. Note that P(A, B) is functorially finite in A-mod (see [13] ).
Given an A-module X , an (A, B)-projective resolution of A X is defined to be an (A, B)-exact sequence
If such an exact sequence does not exist, we say that the relative projective dimension of A X is infinite. The relative global dimension of the extension f , denoted by gl.dim( f ), is defined as
while the relative finitistic dimension of f , denoted by fin.dim( f ), is defined as
Xi and Xu also defined in [21] some relative finitistic dimension of f to be the supremum of relative projective dimensions of finitely generated left A-modules with finite relative projective dimension, denoted by re.fin.dim( f ). Note that, if gl.dim(B) < ∞ and A B is projective, then re.fin
The following result is a consequence of Generalized Schanuel's Lemma in [14] by induction. 
Lemma 2.2. Let f : B → A be an extension of Artin algebras. Suppose that
as A-modules, where C = P 0 and C ′ = Q 0 if n is an even number, C = Q 0 and C ′ = P 0 if n is an odd number.
Relative finitistic dimensions and finitistic dimensions
In this section, we employ the relative finitistic dimension to control an extension ϕ : B → A and use the finitistic dimension of B to approach the finiteness of the finitistic dimension of A. Concretely, we consider the case where B is of finite representation type and give a proof of Theorem 1.1.
The main result in this section is based on the following observation. Proof of Theorem 1.1. Since B is representation-finite, we have P (A, B) is also representation-finite by Lemma 3.1, so that we may assume that {Q 1 , Q 2 , · · · , Q m } is a complete list of non-isomorphic indecomposable (A, B)-projective A-modules. Let X be an A-module with finite projective dimension.
(1) If fin.dim(ϕ) ≤ 1, then re.proj.dim( A X ) ≤ 1, and hence A X has an (A, B)-projective resolution of length 1:
, where s j is a non-negative integer for each j. Now we bound the projective dimension of A X :
where Ψ is the Igusa-Todorov function. Thus fin.dim(A) is upper bounded by Ψ(⊕ m j=1 Q j ) + 1 and fin.dim(A) < ∞.
(2) If 2 ≤ fin.dim(ϕ) = n < ∞, then by definition re.proj.dim( A X ) ≤ n, so A X has an (A, B)-projective resolution of length n. Consider the standard relative projective resolution of A X 
, where Ψ is the Igusa-Todorov function. Thus fin.dim(A) is upper bounded by Ψ(⊕ m j=1 Q j ) + n. This completes the proof.
As an immediate consequence of Theorem 1.1, we have the following. Remark that, more generally, the above corollary still holds whenever fin.dim(B) < ∞. In fact, let X be an A-module with proj.dim( A X ) < ∞. Since 2 ≤ fin.dim(ϕ) = n < ∞, by the proof of Theorem 1.1, A X has the (A, B)-projective resolution of length n:
Corollary 3.2. Let B be a subalgebra of an Artin algebra A with the same identity such that rad(B) is a left ideal in A and rad(B)A = rad(A). If B is representation-finite, then fin.dim(A) < ∞.
Proof. Consider the inclusion map i : B → A. Note that, if rad(B) is a left ideal in
such that A Y and A C i with 0 ≤ i ≤ n − 1 have finite projective dimension and that every C i for 0 ≤ i ≤ n − 1 can be expressed the following form: 
This implies that fin.dim(A) < ∞.
Quotient algebras and finitistic dimensions
In this section, we shall use representation-theoretical properties of quotient algebras to approach the finiteness of the finitistic dimension of given algebras and prove Theorem 1.2.
Proof of Theorem 1.2. Let X be an A-module with finite projective dimension. Consider the exact sequence of A-modules 
with P projective A-module. Now we can bound the projective dimension of A X : If we set I = J = rad n (A) and K = rad(A), we reobtain the main result in [18] . 
Corollary 4.4. Let A be an Artin algebra with an ideal I such that A/I is A-syzygy-finite (for example, A/I is representation-finite). Then fin.dim(A) < ∞ if one of the following conditions is satisfied: (1) Irad
2 (A) = 0; (2) rad(A)Irad(A) = 0; (3) I 2 rad(A) = 0.
Left idealized extensions and finitistic dimensions
In this section, we shall employ left idealized extensions to study the finitistic dimension conjecture and give a proof of Proposition 1.3. More precisely, we consider the following question: given a chain of subalgebras of an Artin algebra A
It is known that an affirmative answer to this question will imply that the finitistic dimension conjecture over the field is true. It was proved by Xi in [19] that, given such a chain with s ≤ 2, if A is representationfinite, then fin.dim(B) < ∞. A natural question is: Is it possible to show that the finitistic dimension of B is finite if s > 2? In this direction, Wei gave in [16, Theorem 2.9 ] an affirmative answer under some homological conditions. In this section, we shall give a partial answer for the case s > 2 by imposing the condition concerning syzygy-finite algebras, which generalizes some results in [19, 15] .
Let us start with the following two lemmas from [15, 20] , which establish a way of lifting modules over a subalgebra to modules over its extension algebra. In the following, we employ the finitistic dimension of bigger algebras to approach that of smaller algebras for a left idealized extension. Taking the n-th syzygy of the above exact sequence, by Horseshoe Lemma, we obtain an exact sequence of B-modules
with P projective B-module. Now we can bound the projective dimension of B X : Proof. Given a B-module X with finite projective dimension, we consider Ω 2 B (X ) instead of Ω B (X ). By Lemma 5.1, Ω 2 B (X ) is a torsionless A 1 -module. Then we can form an exact sequence of B-modules:
By the argument in the proof of Lemma 5.3 we obtain the lemma.
Here We end this section with an example showing that our results do apply to check the finiteness of the finitistic dimension of some algebras. Then A is a Nakayama algebra and hence 1-syzygy-finite. Let C be the subalgebra of A generated by the set {e 1 , e 2 ′ := e 2 + e 4 + e 5 , e 3 ′ := e 3 + e 6 , λ, β, α + ε, γ := ξε, δ := βξ}, which is given by the quiver with relations:
, βγ = δ(α + ε), γβ = γδ = λ 2 = λβ = λδ = (α + ε)βγλ = 0.
It is not hard to see that rad 3 (C) = 0 and ℓℓ ∞ (C) = 4, where ℓℓ ∞ (C) denotes the infinite-layer length of C ( [11] ). Note also that C is neither a monomial algebra nor a special biserial algebra. It was proved in [15] that the finitistic dimension of C is finite. Here, we shall use left idealized extensions to reobtain the finiteness of the finitistic dimension of C, though rad(C) is not a left ideal of A. In fact, let B be the subalgebra of A generated by the set {e 1 , e 2 ′ := e 2 + e 4 + e 5 , e 3 ′ := e 3 + e 6 , λ, β, α, ε, γ := ξε, δ := βξ}. Then B is given by the following quiver with relations:
, βγ = δε, γβ = γδ = λ 2 = λβ = λδ = δα = εβ = εδ = αλ = αβγλ = 0.
It is easy to check that C ⊆ B ⊆ A is a chain of subalgebras of A such that rad(C) is a left ideal of B and rad(B) is a left ideal of A. So we have fin.dim(C) < ∞ by Proposition 1.3.
